The epsilon-near-zero (ENZ) condition in natural and artificial plasmas is considered for spatially dispersive materials. In the presence of spatial dispersion the ENZ condition must be judged by vanishing of the electric displacement field in real-space. Unlike the simple case of local materials where ENZ occurs at the plasma frequency, in spatially dispersive materials the matter is more complicated. To consider the spatially dispersive case, we obtain the momentum-dependent permittivity in real-space, and define a characteristic length parameter, in addition to the Debye length, which governs polarization screening. Using this formulation, conditions are investigated under which the electric displacement field (equivalently, the real-space permittivity) can vanish or be strongly diminished, even in the presence of spatial dispersion, implementing an ENZ material.
Introduction
Materials with effective permittivity of approximately zero, also known as epsilon-near-zero (ENZ) materials [1] , have become an important topic of research with a variety of applications. For example, enhancing the radiation directivity of antennas [2] , supercoupling [3, 4] , transforming curved wavefronts into planar ones [5] , implementing optical nano circuit concepts [6] , cloaking [7, 8] , designing lenses with enhanced focusing [9] and tailoring the radiation pattern of antennas [10] are recent applications of ENZ materials. However, to our knowledge, in previous work on ENZ applications spatial dispersion of the material was ignored in establishing the ENZ condition, which, for local materials, occurs exactly at the plasma frequency. This is often a reasonable approximation for natural materials (NM) where spatial dispersion is fairly weak (e.g. typical semiconductors (SCs), metals or high-density plasmas). However, this may not be a good approximation for artificial materials with strong spatial dispersion, such as wire media [11] [12] [13] [14] [15] .
The aim of this work is to address the following question: under what conditions can we achieve an ENZ medium (for which D 0) in the presence of spatial dispersion. To answer this question, we provide the 'space-domain' form of the permittivity ε(r) appropriate for forming the space-domain relation between displacement and electric field, D(r) = ε (r − r ) • E (r ) d 3 r . Using this, we introduce a screening parameter k α that relates polarization to the total electric field, in a similar way that k D , the Debye wavenumber, relates polarization to the incident electric field.
We consider the momentum-dependent permittivity tensor in the spatial-temporal Fourier transform domain as
This general form models a wide range of NM, including many SCs, plasmas and metals [16] , as well as the isotropic connected wire medium (ICWM), depicted in figure 1, which acts as an artificial plasma [15, 17, 18] . In (1), I is the identity tensor, ε h is the relative permittivity (for a wire medium this is the permittivity of the host medium), ε 0 is the permittivity of vacuum, where σ is the conductivity (S m −1 ), D is the diffusion coefficient (m 2 s −1 ), ω is the radian frequency (time dependence is e jωt ) and q is the spatial Fourier transform wavenumber q ↔ r
where r is the position vector. We assume all material losses are incorporated in the conductivity. For NM we assume conductivity in the usual Drude form
where ω 2 p = N q 2 e /ε 0 m e (ω p is the plasma frequency and N is the number density) and τ is the relaxation time-typical values for SCs and metals are τ ∼ 10-100 fs. For the isotropic wire medium the effective conductivity can be expressed in the same Drude form [18] 
where σ m is the assumed real-valued conductivity of the wires (the permittivity of the wires is ε m = 1 − jσ m /ωε 0 ), ω p is the plasma frequency (ω p a) 2 ∼ = 2π c 2 / ln(a 2 /4r w /(a − r w )) where a and r w are wire period and radius, respectively and f v is the volume fraction of wires, f v = πr 2 w /a 2 . Typical values of τ WM are on the order of µs, although (τ WM ) −1 → 0 for perfect electrical conducting (PEC) wires in a lossless host medium. The diffusion coefficient in (2) is
For NM β NM = v 2 /3, with v 2 being the electron mean-square velocity [19] . For plasmas and SCs v 2 thermal = 3k B T /m, but for good metals v 2 = 3v 2 F /5, where v F is the electron Fermi velocity. For isotropic wire media D ICWM = c 2 σ ICWM /l 0 ε 0 ε h ω 2 p [18] , such that
where v h = 1/ √ µ 0 ε 0 ε h is the electromagnetic phase velocity in the nondispersive host and l 0 is a weak function of wire period with typical values of l 0 ∼ 2-3 [20] ; note the similarity between β WM = v 2 h /l 0 v 2 h /3 and β NM = v 2 /3. For lossless NM or PEC wire materials with a nonabsorbing host, κ = ω 2 p /ω 2 , α 2 = ω 2 /β. It is evident from (1) that in the local limit (q → 0) and assuming lossless NM or wire media with perfectly conducting wires (ε m → −∞), the space-domain permittivity will be
which is the equation commonly used in the design of ENZ materials. The permittivity (8) becomes zero at the frequency ω = ω p / √ ε h .
In the following, we find the inverse Fourier transform of (1), and the polarization (and therefore the electric displacement field) in terms of the total field inside the material. In the appendix we include for completeness the relation between polarization and the scattered and incident fields, which leads to the idea of a Debye length. From the polarization in the space domain we will see that the Debye length is not the best parameter for considering the ENZ condition. A new wavenumber leading to a different characteristic screening length will be introduced to study the electric displacement inside a spatially dispersive material, and conditions will be investigated under which the electric displacement can vanish.
Permittivity tensor and polarization vector in space domain
The inverse Fourier transform of (1) is easily seen to be
where δ(r) is the Dirac delta function and we have used the Fourier transform identities
The derivatives are easily carried out to yield
Equation (9) is the permittivity tensor in the 'space domain' (it is not actually in real space because of the delta function-it is a quantity to be integrated) which relates the electric displacement vector D(r) and the electric field vector E(r) as D(r) = ε(r) * E(r), where * denotes convolution,
In order to determine the displacement field in the space domain, we need a relation between polarization and total field. In the following it is useful to introduce the screening wavenumber k α ≡ jα = − √ jω/D. Using (1) in the definition of the polarization,
where E is the total electric field inside the material. Decomposing (14) into parallel and perpendicular components with respect to q,
in the transform domain, and
in the space domain. These show that the longitudinal polarization has a term that is local with the total longitudinal field, as well as a nonlocal contribution that decays according to the screening length L α = 2π/Re (k α ) (or, for imaginary-valued wavenumber the nonlocal contribution decays algebraically). In the absence of spatial dispersion (D = 0), L α → 0 and the relation between polarization and total field is local.
Discussion of the results and the establishment of the epsilon-near-zero condition
In the presence of spatial dispersion the ENZ condition is D(r) 0. From (17) and (18),
Now, we can consider three different scenarios:
(i) The electric field is transverse (i.e. perpendicular to q): in this case we only need consider (20) , and the ENZ condition can be satisfied simply by setting ε h = κ, which is equivalent to ε T = 0, which is the usual ENZ condition for a local material. As an example, if the electric field is associated with a transverse electric (TE) traveling wave, the permittivity becomes exactly zero (or equivalently, D = 0) at the plasma frequency.
(ii) The electric field is longitudinal (i.e. parallel to q): in this case we only need consider (19) , and the ENZ condition is still possible by setting (19) to be zero, leading to
where
Unlike ε T , the longitudinal permittivity ε L must be convolved with the electric field, and (21) does not simply lead to ε L = 0; the condition depends on E(r) in general. As an example, for a purely longitudinal field having the form E(r) = e −jk.rk , then
for which the ENZ condition is ε h = κ 1 − k 2 /α 2 −1 . In the absence of spatial dispersion (D = 0), α 2 → ∞ and, as expected, the ENZ condition for longitudinal fields becomes the same as for transverse fields,
For lossless wire media (24) becomes
so that the effective plasma frequency is larger in the event of spatial dispersion then if spatial dispersion were absent (spatial dispersion can be set to zero by setting l 0 = 0 which leads to D = 0 and ω = ω p / √ h ). It should be noted that a purely longitudinal field generally does not exist (an exception is a local material exactly at the plasma frequency), but here we consider this case since the next scenario is a combination of the first two cases.
(iii) The electric field is neither purely transverse nor purely longitudinal (i.e. neither parallel nor perpendicular to q): in this case, the ENZ condition can be obtained only if
and (21) simultaneously, which leads to, from (19) and (20),
Equation (27) cannot be satisfied in general, and it depends on the electric field. However, if k α has a large real part, (27) can be approximately satisfied independent of the electric field due to strong screening.
In summary, if we have a purely transverse field (such as a TE wave), the ENZ condition is satisfied as occurs for local materials. For purely longitudinal fields the ENZ condition can also be obtained, (24), although at a different frequency from the local case. And, for the general case the ENZ condition cannot be exactly obtained, although if sufficient field screening occurs via k α the ENZ condition can be approximately satisfied. Given the last statement, it is useful to consider the screening parameter k α , or, more precisely, the screening length L α = 2π/Re (k α ). This screening length is different from the Debye length in the sense that it refers to screening of the total field rather than the incident field (see the appendix). Since the relation between displacement field and electric field involves the total fields, this screening length is relevant for the displacement field and consideration of the ENZ condition. Table 1 shows the two screening lengths for some natural and artificial materials: gold at two frequencies, a SC at two frequencies and for two doping levels, and an isotropic wire medium, where the Debye screening length is defined in the appendix. For the wire medium examples, L α is quite large and spatial dispersion effects are important (i.e. the relation between displacement field and electric field is strongly nonlocal, and the nonlocal contribution decays algebraically rather than exponentially). However, for metals and SCs the screening length L α is quite small and spatial dispersion effects are relatively unimportant (the ENZ condition can be approximately satisfied regardless of field polarization).
For the SC we assumed T = 300 K, m = 0.26m e , ε h = 12. For gold, N = 5.9 × 10 28 (m −3 ), and v F = 1.4 × 10 6 m s −1 . For the ICWM we used ε h = 1, a = λ 0 /10, and r w = a/100. For the imperfectly conducting wires, ε m = 1 − ω 2 m / (ω (ω − j )) where ω m = 1.37 × 10 16 s −1 and = 5 × 10 13 s −1 .
It can be seen that the wire medium (having a large screening length L α ) cannot realize the ENZ condition excepting either the first or second scenarios described above (e.g. transverse electromagnetic or TE waves). In fact, by looking carefully at previous successful attempts for realizing the ENZ condition using a wire medium, one can see that the third scenario was not implicated. For example, in [22] only a perpendicular electric field exists (which is the first scenario). However, if one tries to realize an ENZ section inside a waveguide carrying a transverse magnetic (TM) wave (third scenario), the wire medium will not be able to completely provide the ENZ condition. To validate this, we consider an x-band rectangular waveguide as shown in figure 2, with height b = 1.016 cm and width a = 2.286 cm. The waveguide has total length 15 cm, with a 5 cm section at each end filled with a simple dielectric having ε = 1.5, and a 5 cm long center region containing an ENZ medium. The frequency of operation is 16.5 GHz, well above cutoff to allow both TE and TM modes to propagate. All simulations were performed using CST Microwave Studio 2 . shows the section filled with an isotropic wire medium. The host material of the wire medium has ε h = 8, and the wire period and radius are 3.2 and 0.5 mm, respectively. At the operating frequency, for a local wire-medium plasma model this would result in a ENZ condition (the plasma frequency is 16.7 GHz). Figure 2 (c) shows the result for the TE 20 mode for the idealized ENZ material. It can be seen that the material is acting like an ENZ material, since the wavelength in the center section is much longer that in the two ends (where ε h = 1.5). Figure 2(d) shows the corresponding result when the wire medium fills the center region. As expected for a purely transverse TE mode (scenario 1 above), the wire medium also acts as an ENZ material for the TE mode. Figure 2 (e) shows the result for the idealized ENZ material for the TM 11 mode, where, as expected, wavelength in the center section is much longer that in the two ends, similar to the TE case. Finally, figure 2(f) shows the corresponding result for the TM mode for the actual isotropic wire medium. It is evident that the material does not function as an ENZ medium for the TM mode. Given that the TM mode has both transverse and longitudinal components, it corresponds to scenario 3 above (a combination of scenarios 1 and 2). Because the wire medium does not produce a small screening length L α (see table 1), and because the longitudinal field is not negligible compared to the transverse field, for the TM mode the wire medium does not produce the ENZ condition. However, for a waveguide filled with a SC we would expect to see the ENZ condition for both TE and TM modes (however, the simulation is not possible in CST). Based on table 1, ICWM cannot be used to realize the ENZ condition for an arbitrary excitation. Of course, the screening length of the ICWM in table 1 is obtained for specific wire parameters (such as wire period and radius). It can be shown that even with changing the parameters of the ICWM, the screening length is extremely large. To clarify this, figure 3 shows the normalized screening length of an ICWM as a function of the wire period (a) and radius (r w ). The wire material is the same as the imperfectly conducting ICWM in table 1, and the frequency is ω = 1.2ω p . As figure 3 shows, the normalized screening length is very large, which differentiates the ICWM from the NM described in the table.
Conclusion
The 'space-domain' nonlocal permittivity ε (r − r ) has been obtained and a new characteristic screening length introduced for spatially dispersive materials, including artificial wire media. Unlike the Debye length, the new characteristic length relates polarization to the total electric field inside the material, and so it can be used to study the electric displacement distribution in relation to the ENZ condition. Using some typical values SC and wire medium metamaterials, it was shown that the new characteristic length is very small for SCs and therefore an ENZ condition can be easily obtained. However, for wire media the ENZ condition cannot be identically obtained except in some special cases, and often only the perpendicular displacement field can vanish. of the Debye length, we present the relationship between polarization and the incident electric field, and similarly for the scattered electric field.
An incident field E i (r) polarizes the medium, creating polarization current, jωP(r), such that the scattered field E sca (r) produced by the induced polarization is
where G(r) is the electric dyadic Green's function [21] . Taking the Fourier transform of (A.1) and using the transform-domain Green's function,
Therefore, Therefore, the longitudinal polarization is local to the longitudinal scattered field, although the transverse polarization is nonlocal to the transverse scattered field.
A.2. Polarization as a function of the incident field
By decomposing the total electric field into the scattered and incident fields as E(r) = E i (r) + E sca (r) and using (15) , (16) 
in the transform domain, where
is the Debye wavenumber (usually defined for ω = 0). In the space domain,
These show that the longitudinal polarization has a term that is local with the incident field, as well as a nonlocal contribution that decays according to the Debye length L D = 2π/k D . In the absence of spatial dispersion (D = 0), L D → 0 and the relation between longitudinal polarization and the longitudinal incident field is local. The Debye wavenumber and the new screening wavenumber are related as
